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RECAP

Linear regression example 
Parameters and their training 

Model selection 

Overfitting and regularization 

LRs are not universal approximators 
But Artificial Neural Networks (ANNs) are 

Subject of today
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ARTIFICIAL NEURAL NETWORKS
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ARTIFICIAL NEURAL NETWORKS (ANNS)
Kind of inspired by biology 

Term “biologically inspired” is often a complaint 

!= spiking neural networks 

c.f. “non-differentiable” 

More complex problems require more complex models 
Informal term of “model capacity” 

Curse of dimensionality: one pixel = one dimension 

“Universal approximation theorems imply that neural 
networks can represent a wide variety of interesting 
functions when given appropriate weights” 

Deep neural networks (DNNs) = increasing number of hidden 
layers
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Biological Synapse Structure

https://openbooks.lib.msu.edu/introneuroscience1/chapter/synapse-structure/


MULTI-LAYER PERCEPTRON (MLP)
E.g.: MNIST: 28x28 images in 10 classes => MLP with 28x28 inputs ( ) & 10 outputs ( ) 

For neuron  of a given layer 

 

: non-linear function  
(sigmoid, reLU, …) 

: weight matrix 
: activation vector 
: bias vector (hidden) 

Vector notation for layer  

 

x y
k

yk = f(∑
j

(wk,j ⋅ xj) + bk)
f

W
x
b

l
xl = f(Wl ⋅ xl−1 + bl)
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VECTOR AND MATRIX NOTATION
Matrix , composed of elements  

Matrix = bold uppercase 

Matrix element  has row , column  

Vector , composed of elements  
Vector = bold lowercase 

Vectors are vertical, use  for horizontal vectors 

Matrix-vector multiplication 
Length of the vector equals the number of columns of the 
matrix 

, resp.  

Vector-vector multiplication (dot product) 

, resp. 

W wk,j

wk,j k j

x xi

xT

yk = ∑
j

(wk,j ⋅ xj) y = W ⋅ x

a = ∑
j

(bj ⋅ cj) a = b ⋅ cT = c ⋅ bT
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E.g.: MNIST: 28x28 images in 10 classes => MLP with 28x28 inputs ( ) & 10 outputs ( ) 

For neuron  of a given layer 

 

: non-linear function  
(sigmoid, reLU, …) 

: weight matrix 
: activation vector 
: bias vector (hidden) 

Vector notation for layer  

 

x y
k

yk = f(∑
j

(wk,j ⋅ xj) + bk)
f

W
x
b

l
xl = f(Wl ⋅ xl−1 + bl)
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MULTI-LAYER PERCEPTRON (MLP)
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FORWARD PROP ON ONE SLIDE
(Deep) Neural Networks:  stacked processing units, where each unit 
computes an activation function 

, for nonlinear activation function , linear operation , 
and weight matrix , input activations , and bias  of layer  

Bias vector  is usually encoded in the weight matrix  by introducing another 
activation element which is fixed to (e.g., ) 

Then a complete MLP with  layers is 

 

Reminder: “Universal approximation theorems imply that neural 
networks can represent a wide variety of interesting functions when 
given appropriate weights”

L

xl = f(Wl ⊕ xl−1 + bl) f( ⋅ ) ⊕
W x b l

b W
x0 = 1

L
y(W, x0) = xL = WL ⊕ f(WL−1 ⊕ f( . . . ⊕ f(W1 ⊕ x0)) . . . )
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EXAMPLE NONLINEARITIES

sigmoid:  => output in range  

tanh:  => output in range  

ReLU:  => no negative output 

LeakyReLU:  => no clamping to 

zero for negative inputs 

ELU:  => smoother gradient

f(x) =
1

1 + e−x
[0,1]

f(x) =
ex − e−x

ex + e−x
[−1,1]

f(x) = max(x,0)

f(x) = {x; x ≥ 0
αx; x < 0

f(x) = {x; x ≥ 0
ex − 1; x < 0

9

Background

most prevalent non-linear operation is the ReLU function, as it features fast
training speed by avoiding vanishing gradients. One drawback of the ReLU
function are dead neurons that occur when certain neurons are never activated
and can potentially require larger models. Variations of the ReLU functions that
reduce dead neurons are Leaky ReLU, Parametric ReLU, (Scaled) Exponential
Linear Unit, Gaussian Error Linear Unit and Swish. The main applications
studied in this work are classification tasks, where the output layer is commonly
activated by the softmax function as „(x)i = exi/

qK
j=1 exj , where K denotes the

number of classes.
The two most common types of linear transformations ü in feed-forward DNNs

are fully-connected and convolution operations. The input to a fully-connected
operator is a vector x œ Rn , where individual dimensions are denoted as neurons.
Transformation of a fully-connected operation is implemented as a matrix-vector
multiplication Wx where W œ Rm◊n is a trainable weight tensor. Convolution
operators are usually applied for data that exhibits spatial or temporal dimensions
such as images or spectrograms. For instance, two-dimensional colour images
can be represented as three-dimensional tensors xl œ RC◊W ◊H , where C refers
to the number of channels (i.e. red, green and blue) and W and H refer to width
and height of the image, respectively. In this case, the convolution operator
implements a four-dimensional weight tensor W œRKw◊Kh◊C◊D, which produces
an image xl+1 œ RD◊W ◊H with d channels by computing

xl+1
d,w,h =

Kwÿ

kw=1

Khÿ

kh=1

Cÿ

c=1
Wkw,kh,c,d ·xc,iw(w,kw),ih(h,kh), (2.2)

with iw and ih being indexing functions

iw(w,kw) = w ≠
7

Kw

2

8
≠1+kw and ih(h,kh) = h≠

7
Kh

2

8
≠1+kh.

(2.3)

The four-dimensional weight tensor W can be seen as a set of D filter kernels,
each of spatial filter size Kw ◊Kh. Each spatial location of a particular output
channel d in an intermediate image xl

d is computed from a Kw ◊ Kh region of
the input image xl≠1 and the same filter is shifted over the spatial dimensions of
the feature map. This reusing of the filter leads to a detection of features within
the input images xl≠1 that is invariant with respect to its spatial location. In

8
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Basically any non-linear function can be used



LAST LAYER FOR CLASSIFICATION TASKS
For classification tasks: output of last layer uncalibrated 
and difficult to interpret 

Softmax provides us with a multinomial categorical 
output 

See logistic function for binomial categories 

Softmax: , for  classes 

Usually used in classification tasks to normalize the set 
of output activations to 1 

Do not confuse softmax with a mathematically sound 
probability 

Sometimes numerically unstable (divisions by large 
numbers) 

, for  

ϕ(x) = exi/ΣK
j=1e

xj K

exi

ΣK
j=1e

xj
=

Cexi

CΣK
j=1e

xj
=

ex+logC

ΣK
j=1e

xj + logC
logC = − maxjxj

10

x argmax(x) softmax(x) norm(x)

1 0.0 % 7.0 % 13.1 %

0.1 0.0 % 2.9 % 1.3 %

3 100.0 % 51.9 % 39.2 %

0.1 0.0 % 2.9 % 1.3 %

0.4 0.0 % 3.9 % 5.2 %

2 0.0 % 19.1 % 26.1 %

1 0.0 % 7.0 % 13.1 %

0.05 0.0 % 2.7 % 0.7 %

0 0.0 % 2.6 % 0.0 %
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PURE PYTHON NEURAL NET

12

#!/usr/bin/env python3 

import math 
import random 
from typing import Callable, List, Tuple 

if __name__ == '__main__': 

    model = XORNet(input_size=2, 
                    hidden_size=2, 
                    output_size=1) 

    X = [[1, 1], [0, 1], [1, 0], [0, 0]] 
    Y = [[0], [1], [1], [0]] 

    model.train(X, Y, epochs=100, lr=0.5) 

    model.pred(X, Y) 



PURE PYTHON NN: DATA STRUCTURE

13

class Matrix(): 
    def __init__(self, 
                    cols: int, 
                    rows: int, 
                    random_init=False) -> None: 

        self._cols = cols 
        self._rows = rows 

        self.data = [0 for _ in range(cols*rows)] 

        if random_init: 
            for y in range(rows): 
                for x in range(cols): 
                    rand_val = random.uniform(-1, 1) 
                    self[y, x] = rand_val 

    def __getitem__(self, key: Tuple[int, int]) -> float: 
        return self.data[key[0]*self._cols + key[1]] 

    def __setitem__(self, key: Tuple[int, int], val: float) -> None: 
        self.data[key[0]*self._cols + key[1]] = val 

… 

def __repr__(self) -> str: 
    repr_string = '' 

    for y in range(self._rows): 
        for x in range(self._cols): 
            repr_string += f'{self.data[y*self._cols + x]:.3f}\t' 
        repr_string += '\n' 

    return repr_string 

def elementwise(self, func: Callable): 
    out = Matrix(self._cols, self._rows) 
    for count in range(len(self.data)): 
        out.data[count] = func(self.data[count]) 
    return out 

def shape(self) -> Tuple[int, int]: 
    return (self._cols, self._rows) 



PURE PYTHON NN: FULLY-CONNECTED OPERATION

14

def linear(x: Matrix, 
            w: Matrix, 
            b: Matrix) -> Matrix: 

    I, _ = x.shape() 
    J, K = w.shape() 

    out = Matrix(I, K) 

    for k in range(K): 
        for j in range(J): 
            for i in range(I): 
                out[k, i] += w[k, j]*x[j, 0] 

    for i in range(I): 
        for k in range(K): 
            out[k, i] += b[0, k] 

    return out 



PURE PYTHON NN: ACTIVATION FUNCTIONS

15

def sigmoid_(x: float): 
    return 1/(1 + math.exp(-x)) 

def sigmoid(input_: Matrix): 
    return input_.elementwise(sigmoid_) 

def sigmoid_grad(input_: Matrix): 
    return input_.elementwise(lambda x: sigmoid_(x)*(1 - sigmoid_(x))) 

def tanh(input_: Matrix): 
    return input_.elementwise(math.tanh) 

def tanh_grad(input_: Matrix): 
    return input_.elementwise(lambda x: 1 - math.tanh(x)*math.tanh(x)) 



PURE PYTHON NN: NETWORK - INITIALIZATION 

16

class XORNet(): 

    def __init__(self, 
                    input_size: int, 
                    hidden_size: int, 
                    output_size: int): 

        self.input_size = input_size 
        self.hidden_size = hidden_size 
        self.output_size = output_size 

        self.w_h = Matrix(input_size, hidden_size, random_init=True) 
        self.b_h = Matrix(1, hidden_size, random_init=True) 

        self.w_o = Matrix(hidden_size, output_size, random_init=True) 
        self.b_o = Matrix(1, output_size, random_init=True) 

        self.act_h = sigmoid 
        self.act_o = tanh 

        # Activations for grad computation 

        self.z_h = None 
        self.z_o = None 



PURE PYTHON NN: NETWORK - FORWARD PROP

17

    def forward(self, x: Matrix): 
        self.z_h = linear(x, self.w_h, self.b_h) 
        self.z_o = linear(self.act_h(self.z_h), self.w_o, self.b_o) 

        return self.act_o(self.z_o) 



PURE PYTHON NN: NETWORK - FORWARD PROP

18

    def forward(self, x: Matrix): 
        self.z_h = linear(x, self.w_h, self.b_h) 
        self.z_o = linear(self.act_h(self.z_h), self.w_o, self.b_o) 

        return self.act_o(self.z_o) 



Data set containing  input-target pairs:  

Training ANNs: adjust randomly initialized weights  to solve a given task by 
minimizing a loss function  using gradient-based optimization 

;  

based on a data term  that penalizes wrong prediction (error function); and 

for a regularizer  such as —norm or —norm and a trade-off hyperparameter  

Backpropagation: compute gradient for input-target pair and minimize the loss 
function by iteratively calculating 

, for  and learning rate  

Key operations: partial derivative and all-reduce 

N 𝒟 = {(x1, t1), . . . , (xN, tN)}
W

ℒ

ℒ(W; 𝒟) =
N

∑
n=1

l(y(W, xn), tn) + λr(W)

l
r(W) ℓ1 ℓ2 λ

W := W − η∇Wℒ(W; 𝒟) ∇x = ( ∂
∂x1

, . . . ,
∂

∂xn
) η

BACK PROP ON ONE SLIDE

19
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CHAIN RULE TO THE RESCUE

Chain rule of calculus:  

  

=>  

Others in an analogous manner

∂f
∂x

=
∂f
∂u

∂u
∂x

∂f
∂u

=
∂add(u, v)

∂u
= 1;

∂u
∂x

=
∂mul(x, y)

∂x
= y

∂f
∂x

= 1 ⋅ y

21
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θ := θ − η ⋅
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∂θ



GRADIENT BEHAVIOR
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GRADIENT BEHAVIOR

add gate: gradient distributor 
Both downstream gradients equal 
upstream gradient

22

f
z

∂ℒ
∂z

x

y

∂z
∂x

∂z
∂y

∂ℒ
∂x = ∂ℒ

∂z ⋅ ∂z
∂x

∂ℒ
∂y

=
∂ℒ

∂z
⋅
∂z

∂y Upstream gradient

Local gradients

Downstream gradient



GRADIENT BEHAVIOR

add gate: gradient distributor 
Both downstream gradients equal 
upstream gradient

mul gate: gradient switcher 
Downstream gradients multiplied 
with other input
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GRADIENT BEHAVIOR

add gate: gradient distributor 
Both downstream gradients equal 
upstream gradient

mul gate: gradient switcher 
Downstream gradients multiplied 
with other input

max gate: gradient router 
Downstream gradients depend on 
comparison of inputs
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CALCULATING A NEURAL NETWORK
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ℒ(ŷ, y)



CALCULATING A NEURAL NETWORK

23

x0

x1

x2

w0,0 w0,1 w0,2

w1,0 w1,1 w1,2

w2,0 w2,1 w2,2

w3,0 w3,1 w3,2

x0 x1 x2 x3

x0 x1 x2 w0,0 w0,1

w1,0 w1,1

w2,0 w2,1 x0 x1b0 b1 b2

b0 b1
σ(x) =

1
1 + e−x

x0 x1 x2

w0,0 w1,0 w2,0

w0,1 w1,1 w2,1

g0,0 g0,1

g1,0 g1,1

g2,0 g2,1

g0 g1 g2

⋅ =
x0 x1 x2+

=

= ⋅ =
+

=

⋅=

⋅=

y0 y1

g0 g1
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EXAMPLE LOSS LANDSCAPES IN MODERN ANNS

24Hao Li, Zheng Xu, Gavin Taylor, Christoph Studer, and Tom Goldstein. 2018. Visualizing the loss landscape of 
neural nets. In 32nd International Conference on Neural Information Processing Systems (NIPS'18)



PURE PYTHON NN: NETWORK - BACKPROP
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 def backward(self, x: Matrix, 
                     y: Matrix, 
                     y_hat: Matrix, 
                     lr: float): 

     e_o = Matrix(*y.shape()) 
     d_o = Matrix(*y.shape()) 

     act_grad = tanh_grad(self.z_o) 

     for k in range(y.shape()[0]): 
         e_o[k, 0] = y[k, 0] - y_hat[k, 0] 
         d_o[k, 0] = e_o[k, 0]*act_grad[k, 0] 

     I, _ = self.w_h.shape() 
     K, J = self.w_o.shape() 

     e_h = Matrix(*(self.z_h.shape())) 
     d_h = Matrix(*(self.z_h.shape())) 

… 

for k in range(K): 
    for j in range(J): 
        e_h[k, 0] += d_o[j, 0]*self.w_o[j, k] 
     d_h[k, 0] = e_h[j, 0]*act_grad[j, 0] 

H = self.act_h(self.z_h) 

for j in range(J): 
    for k in range(K): 
        self.w_o[j, k] -= lr*d_o[j, 0]*H[k, 0] 
        self.b_o[0, j] -= lr*d_o[j, 0] 

for i in range(I): 
    for k in range(K): 
        self.w_h[i, k] -= lr*d_h[k, 0]*x[i, 0] 
        self.b_h[0, i] -= lr*d_h[k, 0] 



PURE PYTHON NN: TRAINING & PREDICTION
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    def train(self, 
                X: List[List[float]] | List[List[int]], 
                Y: List[List[float]] | List[List[int]], 
                epochs: int, 
                lr: float) -> None: 

        for epoch in range(epochs): 
            for x, y in zip(X, Y): 
                y_hat = self.forward(to_matrix(x)) 
                self.backward(to_matrix(x), to_matrix(y), y_hat, lr) 

    def pred(self, 
                X: List[List[float]] | List[List[int]], 
                Y: List[List[float]] | List[List[int]]) -> None: 

        for x in X: 
                y_hat = self.forward(to_matrix(x)) 
                print(f'x: {x}\ty_hat: {y_hat}') 



PERCEPTRON DEMO
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WEIGHTS AND BIASES

Or more general: Experiment tracking



EXPERIMENT TRACKING SERVICES

General use case: 
Live monitoring, with built in plotting 

Easy hyperparamter overview 

Artifact storage 

No more log parsers 

Many options out there: 
Weights & Biases 

Neptune 

determined.ai 

…

29



SETUP

See: https://docs.wandb.ai/quickstart/  

General setup for all these services: 
Sign up 

Install library & login 

Instrument code: 

Initialization and registration of hyper-parameters 

Log running variables 

Insights into system utilization 

Tracking usually via web interface

30

https://docs.wandb.ai/quickstart/
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ANY QUESTIONS?



THIS WEEKS EXERCISE

Review by Group 7 (Liam, Daniela, Marianna) 
Curve fitting solution by Group 3 (Paul, Linus, Maximilian)



PLOTTING IN THE EXERCISES

Please include the plots, not just the code for the plots. 

When you submit a plot, add: 
Short explanation of what you expected 

What you actually observed 

How you would explain the observation
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NEXT WEEKS EXERCISE



MNIST DATASET

• 28x28 grey scale images 
• 10 classes (digits 0-9) 
• 60k training 
• 10k testing

38



EXERCISE 1
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Implement your own NN from scratch using exercise02_template.py!



NEXT WEEKS EXERCISE

Implementing an MLP from scratch 
Implement forward, backward and update routines 

Some small experiments around the learning rate 

Submission deadline: Tuesday 09:00 am
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https://csg.ziti.uni-heidelberg.de/
teaching/ap_nn_from_scratch_materials/
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